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We calculate the entanglement entropy of scalar perturbations due to gravitational non-linearities
present in any model of canonically-coupled, single-field ekpyrosis. Specifically, we focus on a recent
model of improved ekpyrosis which is able to generate a scale-invariant power spectrum of curvature
perturbations and gravitational waves as well as have a non-singular bounce due to an S-brane at
the end of ekpyrotic contraction. By requiring that the entanglement entropy remians subdominant
to the thermal entropy produced during reheating, we get an upper bound on the energy scale of
the bounce.
I. INTRODUCTION
In a recent paper [1] we studied the momentum space
entanglement entropy between sub- and super-Hubble
modes generated by the intrinsic gravitational nonlineari-
ties. We applied the formalism to inflationary cosmology
and found that the entanglement entropy is a growing
function of time since the phase space of super-Hubble
modes is increasing. By demanding that the entangle-
ment entropy remain smaller than the thermal entropy
after reheating, we found an upper bound on the dura-
tion of inflation which is consistent with the constraint
[2] coming from the trans-Planckian censorship conjec-
ture [3]. In this paper we will apply the formalism devel-
oped in [1] to the new version of the Ekpyrotic scenario
recently proposed by two of us [4]. Once again, the phase
space of super-Hubble modes is an increasing function of
time, and hence the entanglement entropy will be increas-
ing. By demanding that the entanglement entropy at the
end of the phase of Ekpyrotic contraction be smaller than
the thermal entropy after the bounce, we find an upper
bound on the energy scale of the bounce.
The Ekpyrotic scenario [5] is a promising alternative
to cosmological inflation. The scenario is based on the
assumption that the cosmological scale factor a(t) is de-
creasing very slowly
a(t) ∼ tp with 0 < p 1 (1)
as a function of physical time t, where t < 0 in the con-
tracting period. In the context of Einstein gravity, this
time dependence of the scale factor can be obtained if
matter is dominated by a scalar field with a negative
exponential potential. Such potentials are ubiquitous in
string theory compactifications (see e.g. [6]). A contract-
ing universe with w > 1 leads to a dilution of spatial cur-
vature and of anisotropies [7]. It is also an attractor in
initial space [8]. These are significant advantages com-
pared to other cosmological models with a contracting
phase (see e.g. [9] for a review of bounce scenarios).
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Recently, two of us [4] proposed a new version of the
Ekpyrotic scenario in which an S-brane (see e.g. [10])
arising at string densities mediates the non-singular tran-
sition between contraction and expansion. If the S-brane
has zero shear, then roughly scale-invariant spectra of
both cosmological perturbations and gravitational waves
are generated [11], with two consistency relations be-
tween the four basic cosmological observables (the am-
plitudes and tilts of the scalar and tensor spectra). The
decay of the S-brane after the bounce naturally gener-
ates [12] the radiation of the post-bounce universe. In
this paper we will consider entropy constraints on this
new scenario.
In the following section we briefly review the equations
which describe the phase of Ekpyrotic contraction. In
Section III we summarize the framework for computing
momentum space entanglement between sub- and super-
Hubble modes developed in [1]. We then turn to the
computation of the entanglement entropy at the end of
the phase of Ekpyrotic contraction, as a function of the
Hubble parameter at that time, and derive the result-
ing upper bound on the energy scale of the bounce by
demanding consistency with the second law of thermo-
dynamics for the full time evolution of the model.
We close this section with some general remarks. We
already introduced the cosmological scale factor a(t)
which yields the Hubble expansion rate
H(t) =
a˙
a
, (2)
where an overdot represents a derivative with respect to
time. The inverse of H is the Hubble radius. The Hubble
radius plays a crucial role concerning cosmological per-
turbations (see e.g. [13, 14] for reviews): on length scales
smaller than the Hubble radius fluctuations oscillate. On
super-Hubble scales the oscillations freeze out, the fluctu-
ations can be squeezed and classicalize [15]. Both during
an expanding inflationary cosmology and during Ekpy-
rotic scenario the Hubble radius decreases in comoving
coordinates, and in both scenarios a natural assumption
is that fluctuations start as quantum vacuum perturba-
tions on sub-Hubble scales. The modes we have access to
are the ones which have been able to classicalize. Hence,
it is natural to divide the total Hilbert space of fluctu-
ation modes into sub- and super-Hubble modes, and to
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2study the entanglement entropy between these two sets
of modes. Since the phase space of super-Hubble modes
is increasing as a function of time, the resulting entan-
glement entropy will also be increasing. In order to be
consistent with the entropy in the expanding radiation
phase, the entanglement entropy at the end of the con-
tracting phase cannot be too large. It is the resulting
constraint on the model which we will here explore.
We will be using natural units in which the speed of
light, Planck’s constant and Boltzmann’s constant are set
to 1. We denote the energy density by ρ and the pressure
by P , keeping the symbol p for the exponent appearing in
the expression for the time evolution of the scale factor
(to be consistent with the usual notation in papers on
the Ekpyrotic scenario).
II. DESCRIPTION OF S-BRANE EKPYROSIS
In the usual realizations of the Ekpyrotic scenario, the
slow contraction phase is driven by a scalar field with
negative exponential potential [5]
S =
∫
dtd3x
(− 1
2
∂µϕ∂µϕ+ V0e
−
√
2
p
ϕ
MPl
)
, (3)
where MPl is the Planck mass. Since the potential is
steep, the field is not slowly rolling and we can find an
approximate solution by ignoring the Hubble parameter
H. This approximation is further justified since during
Ekpyrosis the equation of state parameter w ≡ Pρ  1
and hence the contraction of the universe is very slow.
Using this approximation, we find that the scalar field
evolves according to
ϕ(t) =
√
2p MPl log
(
−
√
V0
p
t
MPl
)
. (4)
Further, using the relation ϕ˙2 = −2H˙M2Pl, we find that
H˙ = − p
t2
, H = − p−t , a = a0(−t)
p . (5)
One can check the self-consistency of our approxima-
tion by calculating the equation of state
w =
P
ρ
=
−ρ+ ϕ˙2
ρ
(6)
=
−3H2m2pl − 2H˙m2pl
3H2m2pl
= −1 + 2
3p
 1 .
From the above, the “slow-roll” parameters can be cal-
culated in a straightforward manner. Note that only the
first order slow-roll parameter is non-zero and is given by
 = − H˙
H2
=
1
p
, η ≡ ˙
H
= 0 . (7)
It will be beneficial for us later on to rewrite the quanti-
ties above in terms of conformal time
τ(t) =
∫
dt
a(t)
= − 1
1− p (−t)
1−p . (8)
The background quantities are given by
a(τ) = a˜0(−τ)
p
1−p ,
H(τ) = p(1− p)− 11−p (−τ)− 11−p (9)
H(τ) ≡ da
adτ
= −
(
p
1− p
)
1
τ
.
In [4] it was suggested that an S-brane (a space-like
brane) will be generated once the background energy
density reaches the string scale. The S-brane is an ob-
ject with vanishing energy density and negative pressure
(since it has positive tension). Hence, it is an object
which violates the NEC (null energy condition) and al-
lows for the nonsingular transition between the Ekpyrotic
contracting phase and a radiation dominated phase of ex-
pansion.
III. STATES FOR SUPER-HUBBLE MODES
In order to study the entanglement entropy due to
mode-coupling between cosmological perturbations, we
study linear fluctuations about a spatially flat FLRW
metric. In longitudinal gauge, the metric can be writ-
ten as [13, 14]
ds2 = −a2(τ)[dτ2(1 + 2φ)− (1 + 2ψ)dx2] , (10)
where φ and ψ are the metric perturbation variables. A
particularly useful variable is the curvature fluctuation ζ
in uniform density gauge which is given by
ζ = −ψ + H
ρ˙
δρ , (11)
where ρ is the background energy density and δρ is the
density perturbation. If matter is a single field minimally
coupled to Einstein gravity (as is the case in the Ekpy-
rotic scenario), the variable in terms of which the action
for fluctuations has canonical form is
v(x, τ) ≡ z(τ)ζ(x, τ) , (12)
where
z(τ) =
√
2 a MPlc
−1
s , (13)
where c2s is the speed of sound squared of the matter
source. We can expand this field in Fourier modes and
canonically quantize it, introducing mode creation and
annihilation operators a†k and ak, respectively.
3The Hamiltonian derived from the quadratic action in
momentum space is organized as follows (see e.g. [16])
H2 =
1
2
∫
d3k
(2pi)3
[
csk(aka
†
k + a−ka
†
−k)
]
−1
2
∫
d3k
(2pi)3
[
i
(
z′
z
)
(aka−k − a†ka†−k)
]
,(14)
where a prime denotes a derivative with respect to confor-
mal time. The second term is the source of the two-mode
squeezing term while the first one is the usual free part
of the quadratic Hamiltonian, as in Minkowski space.
In the Heisenberg picture, the equation for ak is writ-
ten
dak
dτ
=
z′
z
a†k − icskak . (15)
In the case of inflation z
′
z = − 1τ . Hence, on super-Hubble
scales (for which the momentum term on the right hand
side of (15) is negligible), the z term results in a highly
squeezed vacuum. In contrast, during a phase of slow
Ekpyrotic contraction z
′
z = − p(1−p)τ for super-Hubble
modes. Since p  1 the amount of squeezing is very
small. In the limit p → 0, the equation for the annihi-
lation operators becomes the same as in flat spacetime
quantum field theory.
Since the squeezing term is sub-dominant for Ekpy-
rosis, we can safely ignore the squeezing entropy which
plays a crucial role for inflation, and focus on the entan-
glement entropy generated by the leading gravitational
nonlinearities, i.e. by the cubic interaction term in the
Hamitonian. This will be the topic of the following sec-
tions.
IV. ENTANGLEMENT ENTROPY FOR
SCALAR PERTURBATIONS DUE TO
GRAVITATIONAL NON-LINEARITIES
In this section we turn to the computation of the mo-
mentum space entanglement entropy between super- and
sub-Hubble modes generated by the gravitational non-
linearities. In applications to black hole physics and in
the context of the AdS/CFT correspondence, entangle-
ment entropy is usually considered in terms of position
space entanglement [17]. However, when considering the
entropy of cosmological perturbations, it is more nat-
ural to consider momentum space entanglement. The
reason is that the basic variables are the momentum
modes of the fluctuations. The modes that classicalize
and become accessible to cosmological experiments are
the super-Hubble modes, with the sub-Hubble modes act-
ing as a sea which are not directly accessible. Hence, it is
natural to consider the entanglement between super- and
sub-Hubble modes. In a previous paper [1], momentum
space entanglement entropy was studied in the context
of inflation, generalizing the formalism developed in [18]
(see also [19, 20] for earlier work on the entropy of cos-
mological perturbations).
The entanglement entropy due to the mode coupling by
the leading order cubic nonlinear terms can be calculated
as follows. First, we break up the Hilbert space of scalar
perturbations into sub-Hubble and super-Hubble modes,
i.e.
H = Hsub ⊗Hsuper . (16)
The super-Hubble modes shall be treated as our system
which is coupled to the bath of sub-Hubble modes. We
shall carry out this calculation in Fourier space. Since our
analysis is in the framework of an effective field theory,
we need to apply MPl as a physical cutoff for our sub-
Hubble modes. The total Hamiltonian can be described
as
H = Hsub ⊗ I + I⊗Hsuper +Hint , (17)
where Hsub and Hsuper refer to the quadratic Hamilto-
nian for the scalar modes with momenta k < aH and
k > aH, respectively. Hint refers to the interaction
Hamiltonian due to our cubic non-Gaussian term.
As discussed in [1] (based on [21] and [22]), in terms
of the variable ζ, the integrated interaction Lagrangian
is given by
S3 = M
2
Pl
∫
dtd3x
[
a32ζζ˙2 + a2ζ(∂ζ)2
− d
dt
(
a32ζ2ζ˙
)]
(18)
where we neglected nonlocal terms and used the fact that
 is constant. Since in the case of the Ekpyrotic scenario
the dominant mode of ζ is constant, the leading interac-
tion term in the action is
S3 = M
2
Pl
∫
dtd3xa2ζ(∂ζ)2 . (19)
Using conformal time, and in terms of the canonical vari-
able v, this interaction term takes the form
S3 =
√

2
√
2 aMPl
∫
dτ d3x v (∂v)2 (20)
To make contact with the formalism to compute the
entanglement entropy developed in [18] and applied in
[1] to the case of inflationary cosmology, we note that
the effective coupling λ is
λ =
√

2
√
2aMPl
, (21)
from which we can define a dimensionless interaction pa-
rameter, given by
λ˜ =
√
Λ
2
√
2aMPl
, (22)
where Λ is a renormalization scale which we expect to be
the Planck scale.
4V. ENTANGLEMENT ENTROPY OF SCALAR
PERTURBATIONS
As a consequence of the nonlinearities, an initial vac-
uum state of both system and bath modes gets excited.
At time t the state |Ω〉 becomes
|Ω〉(t) = |0, 0〉 +
∑
n 6=0
An(t)|n, 0〉+
∑
n 6=0
BN (t)|0, N〉
+
∑
n,N 6=0
Cn,N (t)|n,N〉 , (23)
where |n〉 denotes an n-particle state of the system (in
fact, a product state over all super-Hubble k modes), and
|N〉 is the corresponding state for the bath. At the initial
time, the coefficients An, BN and Cn,N all vanish, and
they build up gradually over time due to the gravitational
interactions.
As shown in [18] and generalized in [1] in the case of
a time-dependent background, the induced entanglement
entropy between the super- and sub-Hubble modes is in-
duced by the interaction coefficients Cn,N in the following
way
Sent = −λ2 log
(
λ˜2
) ∑
n,N 6=0
|C˜n,N |2 . (24)
For an infinite set of modes labelled by a continuous index
k, the summation becomes a momentum space integral.
We use the dimensionless effective coupling as the argu-
ment of the logarithm to make this term well-defined.
However, in the end, this term will not be too important
for our purposes as we shall ignore the logarithm term
to focus only on the rest of the factors to get an order of
magnitude estimate for the bound on the energy scale of
the bounce.
We follow the analyses of [1] in order to calculate the
entanglement entropy in this case. For the contracting
phase in Ekpyrosis, the squeezing of the state of fluctua-
tions on super-Hubble scale is negligible and we can set
rk(η) ∼ 0 for the calculation. Hence, the general formula
(62) of [1] simplifies to yield the following expression for
the induced entanglement entropy density per comoving
volume (please see the Appendix for details)
s = (2pi)3λ2 log
(
λ˜2
)∫ aH
kI
d3p3
∫ aMPl
aH
d3p2
∫ aMPl
aH
d3p1 δ
3(p1 + p2 + p3)
1
(p1 + p2 + p3)2
(
p1p2
p3
)
(25)
=− λ2 log
(
λ˜2
)∫ aH
kI
d3p3
(2pi)3
∫ aMpl
aH
d3p2
(2pi)3
(
p2
√
p22 + p
2
3 + 2p2p3 cos θ
p3
)
1
(
√
p22 + p
2
3 + 2p2p3 cos θ + p2 + p3)
2
Notice that the super-Hubble mode p3 gets an infrared
cut-off by kI while the sub-Hubble mode p2 has a natu-
ral, physical UV-cutoff given by aMpl. The meaning of
the IR cut-off can be thought of as follows: If there is
a phase prior to Ekpyrosis, then we shall only consider
super-Hubble modes generated during Ekpyrosis for our
calculations. However, note that unlike in the case of
inflation, we are free to take the limit kI → 0 for our in-
tegral without encountering any divergences. Generally
we take p3  p2 when (25) is evaluated. Thus, we obtain
s ≈
λ2 log
(
λ˜2
)
4pi4
∫ aH
kI
dp3 p
2
3
∫ aMPl
aH
dp2 p
2
2
1
4p3
≈
λ2 log
(
λ˜2
)
48pi4
[
(aH)2 − k2I
]
·
[
(aMPl)
3 − (aH)3
]
∼ 1
192pi4p
log
(
1
2
√
2pa
)
a3MPlH
2 . (26)
In the last line, we have replaced the slow-roll parameter
 by the small number p and set Λ = MPl. Dividing
by the factor a3 we obtain the the entropy density per
physical volume element. We see that the entanglement
entropy (per unit physical volume) grows logarithmically
as a function of time in the contracting phase, ignoring
the time-dependence of H.
If we interpret entanglement entropy as a contribution
to the entropy which should obey the second law of ther-
modynamics, then we can obtain an upper bound on the
energy scale of the bounce (or equivalently on the value of
H just before the bounce) by demanding that the entan-
glement entropy (26) be smaller than the thermal entropy
density after the bounce which is calculated as follows
s
V0
=
4
3
( 30
pi2g
)1/4
ρ1/4 =
4
3
( 90
pi2g
)1/4
H3/2M
3/2
pl (27)
where g is the number of effective spin degrees of freedom
in the thermal bath after the bounce. From (27) and (26)
we obtain the condition(
H
MPl
)1/2
< 256pi7/2
(90
g
)1/4
p . (28)
This sets an upper bound on the string scale, the energy
scale where the S-brane will occur. It is not a very
stringent bound. Assuming that the S-brane arises at
5string energy density, then the above equation yields
the corresponding bound on the string energy scale in
Planck units.
VI. CONCLUSIONS
We have computed the entanglement entropy between
sub- and super-Hubble modes during a phase of Ekpy-
rotic contraction. We found that this entropy grows loga-
rithmically with decreasing scale factor. Demanding that
the entanglement entropy at the end of the phase of con-
traction does not exceed the thermal entropy after the
bounce, we obtain an upper bound on the energy scale
of the bounce.
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Appendix: Calculation of entanglement entropy
In order to explicitly calculate the entanglement en-
tropy, we first need to evaluate the matrix elements, given
by
Cn,N := −i
∫ τ
τ0
dτ ′ ei(p1+p2+p3)τ
′ 〈n,N |Hint(τ ′) |0, 0〉 .(29)
Note that the interaction Hamiltonian can be derived
from (20) and is given by
λ(τ)Hint = λ(τ)
∫
∆
[√
k2k3
k1
(
c†−k1c
†
−k2c
†
−k3 + ck1c
†
−k2c
†
−k3 + . . .
)
+
√
k2k1
k3
(
c†−k1c
†
−k2c
†
−k3 + . . .
)
+
√
k1k3
k2
(
c†−k1c
†
−k2c
†
−k3 + . . .
)]
, (30)
where λ is given by (21) and we have defined
∫
∆
:=∫
d3k1
(2pi)3
d3k2
(2pi)3
d3k3
(2pi)3 (2pi)
3
δ3(k1 + k2 + k3) and the ‘dots’
are permutations.
Since the squeezing is negligible for Ekpyrosis, both the
sub- and super-Hubble modes are in the Minkowski vac-
uum. This makes the evaluation of 〈n,N |Hint(τ ′) |0, 0〉
relatively simpler compared to the case for inflation,
and we need to only consider terms in Hint of the form
c†−kc
†
−kc
†
−k, where two of the modes can be sub-Hubble
and one super-Hubble or the other way around. Once
again, since the vacuum state is the same for both sub-
and super-Hubble modes, the dominant contribution is
going to be from the case where there are two super Hub-
ble modes. We find:
〈n,N |Hint(τ ′) |0, 0〉 ∼
√
p1p2
p3
, (31)
where p1, p2 are sub-Hubble and p3 is the super-Hubble
mode. (The other terms proportional to
√
p1p3/p2 and√
p2p3/p1 are sub-dominant in this case.) Plugging this
into the expression for the matrix element (29), we find
Cn,N = −i
∫ η
τ0
dτ ′ ei(p1+p2+p3)τ
′
√
p1p2
p3
. (32)
This is where the negligible squeezing for Ekpyrosis plays
a crucial role so that we can evaluate the matrix elements
as if for time-independent perturbation theory. Using
this, one can calculate the entanglement entropy as
6Sent ∼ (2pi)3
∫ aH
H
d3p3
(2pi)3
∫ aMPl
aH
d3p2
(2pi)3
∫ aMPl
aH
d3p1
(2pi)3
δ3(p1 + p2 + p3)
(
p1p2
p3
)
×∣∣∣∣∫ τ
τ0
dτ ′ ei(p1+p2+p3)η
′
∣∣∣∣2 λ2(τ ′) log (λ˜2(τ ′)) . (33)
The time-dependence of the coupling parameter λ(τ) is
extremely weak in Ekpyrosis since it is only due to the
presence of the scale factor a(τ), which itself changes
very slowly in conformal time. Therefore, one can pull
the λ2 log
(
λ˜2
)
term outside the integral and then one
arrives at the result given in (24), with C˜n,N being the
time-independent matrix elements. As shown in this Ap-
pendix, in the case of Ekpyrosis, one can easily work
with the time-independent matrix elements (due to the
weak dependence of the interaction parameter on confor-
mal time and having an usual flat vacuum for the super-
Hubble modes) and we recover the results discussed in
the main body of the text.
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